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Fig. 1 Summary of the Stanton number data for the constant heat
flux boundary condition and the unheated starting length cases.
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Fig. 2 Comparison of the data with the solutions for uw - 28 m/s.
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Fig. 3 Comparison of the data with the solutions for u^ = 67 m/s.

temperature profiles. Therefore, they should be viewed as
asymptotic cases in which the boundary layers have become
well developed.
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Introduction

I N spite of the importance of convective heat transfer in ver-
tical cylindrical enclosures in many practical applications,

very few basic studies have been conducted on this system. In
Refs. 1-4, one finds that the phenomenon can exist primarily
in one of two exteme configurations: 1) a fluid layer heated
from below and 2) a fluid layer heated from the side.

Work on the fluid layer heated from top and/or side walls
has received rather limited attention as either the experimental
study of turbulent natural convection or with rectangular
enclosure being the only geometry considered. In fact, the
technical application of this study is important to the perfor-
mance assessment of a solar storage tank. In a series of
papers, Yin et al.5 and Huang6 experimentally investigated
this problem using water and 20 CS Silicone oil as the working
media for different aspect ratios of 0.2 <H/R<2.0 and
Prandtl numbers of 3<Pr<250. For numerical study, the
related problem of natural convection in a differentially
heated corner region of a rectangular enclosure was in-
vestigated recently by Kimura and Bejan.7 Their results show
that a unicellular motion exists and migrates toward the corner
as the Ra increases.

As stated earlier, the published literature is primarily
restricted to the experimental study of either turbulent natural
convection or rectangular enclosures. Most recently, Huang
and Hsieh8 investigated the natural convection heat transfer in
a cylindrical enclosure cooled from below. There is, however,
no reported information on the heat-transfer behavior in
cylindrical enclosures of differing aspect ratios. Such a situa-
tion is analyzed here. This paper reports on a two-dimensional
numerical simulation of buoyance-driven flows, with Prandtl
numbers of the working fluid 1, 10, 100, and 200, within ver-
tical cylindrical enclosures of differing aspect ratios (height to
radius) of 0.5, 1, and 2 that are cooled from below. It is
recognized that the simulation of the present problem is bound
to exhibit a certain degree of three dimensionality and
unsteadiness. The investigations of Figliola9 and Kimura and
Bejan7 might be helpful in this regard, providing this bifurca-
tion; With the side wall insulated, the top wall was cooled and
the bottom wall heated in the work of Figliola.9 The resulting
flow was two-dimensional until Rayleigh numbers larger than
5 x IO4 were imposed, at which point the stable single toroid
broke down into three-dimensional motion. For a rectangular
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cavity, Kimura and Bejan7 reported the result of laminar
natural convection up to a Rayleigh number of 107. In this
study, it can be recognized that a more stable flow configura-
tion exists as compared with that of Figliola.9 The maximum
Rayleigh number investigated was 106 and, therefore, the
assumption of two-dimensional flow is not unrealistic. The
steady-state results presented here evolved from a time-
dependent calculation scheme. In addition, a scale analysis is
presented and compared with the results from the numerical
computations.

Mathematical Formulation and Scale Analysis
In this study a Boussinesq fluid is considered. The natural

convection motion is assumed to be laminar and two-
dimensional. The physical situation to be considered is shown
in Fig. 1. The governing partial differential equations involve
the conservation of mass, momentum, and energy, which are
nondimensionalized using the following quantities:

r z S/3A77?3

U.H*> V.™, Pr=^-
v v a

-, Ra = GrPr

T-TL

Here r and z are the radial and axial coordinates, R and H are
the radius and height of the cylinder, v is the kinematic viscos-
ity, and a is the thermal diffusivity. Subscripts H and L,
respectively, denote the state of temperature of the boundary.

The resulting equations are

—— — dV =
de e drj

dr de

d2U

drj de

1 d2U U d2U

de

1 dO
e de

drj

d2e

d2e

(4)

All boundaries are considered to be rigid, i.e., U= F=0 (for
r>0), and the top and side walls are maintained at a
temperature TH, while the bottom wall is maintained at a
temperature TL as time goes on. Here, TL is assumed to be less
than TH. It can be seen that there are three governing
parameters in the problem at steady state: the Rayleigh
number Ra, the aspect ratio (H/R), and the Prandtl number
Pr.

A steady-state scale analysis might be drawn from Fig. 1.
One can infer that the driving force is mainly caused by the
buoyancy term and, therefore, the viscous force can be
neglected. This gives the balance between the inertia term and
buoyancy force in the momentum equation

(5)n

If we assume that

5~A (6)

for natural convection, the energy balance may be written as

(7)

Here, h is the height of the boundary layer, whereas b and A,
respectively, stand for velocity and temperature boundary
thickness.

As has been shown in the literature,10 this is true with a
Prandtl number of order unity or greater. Solving Ffrom the
foregoing equation

(2)

ah
V~ d2

and inserting this velocity into Eq. (5) yield

i 3/4

R

(8)

(9)

OT de

d2v i dv d2v
dr) de2 e de drj2
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(3)

Fig. 1 Physical geometry of the present system.

The average Nusselt number on the side wall, in view of 6 — A,
is

where

Q~K( —— )2*Rh

(10)

(H)

and A = 2irRH, with A denoting the surface area of the
cylinder and K the thermal conductivity of the fluid.

Therefore, Eq. (9) becomes

h \ 3/4
(12)

if we assume the scale of h is proportional to that of R. This
analysis concludes with

Nu -(—V1
\ R J

(13)
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Fig. 2 Represenative velocity field for /to = 10s, H/R = 0.5,1 and 2,
respectively.

Results and Discussion
At each time step (Ar = 5xlO~3) , the governing partial dif-

ferential equations are solved using a control-volume-based
finite-difference procedure called SIMPLE/HD.11 The grid
system, calculation procedure, and grid dependence examina-
tion were detailed in the work of Huang and Hsieh.8 The
result reported here corresponds to a steady-state solution.
This solution was obtained following the criterion given by
Wilkes and Churchill12 for each time step. Results are
presented for the values of Ra covering the range l.Ox 104 to
l .OxlO6 for values of H/R of 0.5, 1, and 2 for Prandtl
numbera of 1, 10, 100, and 200. Figure 2 shows a sequence of
representative flow patterns calculated for the case of Pr= 100
for Gr=103 with aspect ratios (H/R) of 0.5, 1, and 2, in
which they all exhibit unicellular motion of the doughnut type.
The common flow characteristic of these figures indicates that
the flow is clearly driven by the differentially heated corner
temperatures (—AT) and becomes more and more localized
as the aspect ratio (H/R) and Gr increase. The vertical jet ac-
celerated in the vertical boundary-layer region discharges into
a pool of nearly isothermal trapped fluid, and it decelerates
and loses much of its flow rate before smoothly rounding the
upper right-hand corner of the enclosures. This last
characteristic becomes more visible as the H/R increases,
because in this process the vertical boundary-layer region that
drives the flow becomes short with respect to the height of the
isothermal pool (H) that serves as a brake for the vertical jet
flow originating from the corners. Moreover, it appears that
the Prandtl number has less influence on the flow pattern than
the aspect ratio and Grashof number, due to the larger move-
ment of the center of the cat's eye-like vortex to the corner for
different aspect ratios and Grashof numbers.
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Fig. 3 The plots of Nut, Nub vs r/R and Nus vs Z/H.

Figure 3a shows the local Nusselt number distribution based
on the top ceiling and bottom floor along the radial axis with
three aspect ratios. For the top ceiling the local Nusselt
number increases to a certain value, then decreases to a lower
value as r increases to the side wall boundary for all aspect
ratios. This indicates that somewhere close to the side wall the
heat transfer is quite high. This peak is toward the side wall,
and its magnitude becomes higher as H/R decreases. Foo the
bottom wall the local Nusselt number variation monotonically
increases as r increases to the boundary and no aspect ratio ef-
fect is seen. This is perhaps due to the fact that the same
horizontal boundary-layer thickness exists for the three aspect
ratios.

The variation of the local Nusselt number on the hot side
wall Nus, with z/H for three different aspect ratios, is shown
in Fig. 3b. For all of the cases, convection increases Nu over
most of the height of the enclosure. The maximum occurs near
the bottom of the wall. This is to be expected since the fluid
there just passed over the cold bottom wall, so the temperature
gradients are greatest. As the fluid rises up along the hot side



126 J. THERMOPHYSICS VOL. 4, NO. 1

wall, its temperature rises and the heat transfer decreases. As
the aspect ratio increases, the convective effect promotes
greater heat-transfer rates for most of the height of the
enclosure.

The average Nusselt number for the side wall is calculated
according to the definition indicated in Huang and Hsieh.8 It
was suggested by Arpaci and Larsen10 that the present Nus be
represented in the form of

for

Nus = 0.11(Ra)0'2l2(Pr)°'29l(H/R)Q-9

0.5 <(H/R )2.0

104 < Ra < 106

100 < Pr < 200 (14)

to approximate the computed data within ±5% by least-
squares curve fitting. It appears that this approximation
agrees quite well with the results reported by Arpaci and
Larsen10 based on the two-length natural convection model
and the scale analysis of the present configurations
Nus~(H/R)~l R0-25 Pr*-25). This indicates that the heat-
transfer model used in the scale analysis accurately reflects the
phenomenon inside the cylindrical enclosures.
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Nomenclature
a = radius of growth tube, cm
c = cold zone
D = diffusion coefficient, cm2/S
H = hot zone
J =mass flux, moles/cm2.S
L = transport length, cm
M — molecular weight, g/mole
Ne =dimensionless Peclet number
p = vapor pressure, Torr
P = average pressure, Torr
R =gas constant, atm/mole K
T — temperature, K
T - average temperature, K
v = growth velocity, cm/S
0 = molar volume, cm3

Introduction

MERCUROUS halides show great promise for acousto-
optic devices applied to signal-processing and optical

spectrum-analyzing systems, and have attractive properties for
high-performance devices. These halides have 1) a large
transmission range, 2) high acousto-optic figure of merit, 3)
suitable photoelastic coefficients, and 4) very slow acoustic
velocity. During the last few years, we have investigated1"4

growth anisotropy, the effect of growth parameters on optical
quality, and the effect of crystal quality on the fabrication and
characteristics of mercurous chloride acousto-optic devices.
The crystals have been grown in closed tubes by the physical
vapor transport (PVT) method. In the ongoing investigation
of PVT crystal growth, we are studying the effect of thermal
and solutal convection during vapor transport. This Note
reports the effect of source temperature on mass flow and the
growth rate.

Experimental
Purification of Source Material

The as-supplied source material was listed at 99+ % purity.
It was sublimed several times in a hermetically sealed tube un-
til water-white material was achieved. The purity was checked
by spark-source spectrometry. Source material contains less
than 15 ppm total metallic impurities.
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